Abstract. For a discrete group G, we consider the minimal C
r (G). The algebra C(∂ F G) arises as an injective envelope in the sense of Hamana, which implies rigidity results for certain G-equivariant maps. We prove a generalization of a rigidity result of Ozawa for G-equivariant maps between spaces of functions on the hyperbolic boundary of a hyperbolic group. Our result applies to hyperbolic groups, but also to groups that are not hyperbolic or even relatively hyperbolic, including certain mapping class groups.
It is a longstanding open problem to determine which groups are C*-simple, in the sense that the algebra C * r (G) is simple. We prove that this problem can be reformulated as a problem about the structure of the G-action on the Furstenberg boundary. Specifically, we prove that a discrete group G is C*-simple if and only if the G-action on the Furstenberg boundary is topologically free. We apply this result to prove that Tarski monster groups are C*-simple. This provides another solution to a problem of de la Harpe (recently answered by Olshanskii and Osin) about the existence of C*-simple groups with no free subgroups.
Introduction
A discrete group G is said to be amenable if there is a left-invariant mean on the algebra ℓ ∞ (G), i.e. a unital positive linear map λ : ℓ ∞ (G) → C that is invariant with respect to the action of G on ℓ ∞ (G) by left translation. By identifying the algebra C with a subalgebra of ℓ ∞ (G), the map λ can be viewed as a unital positive G-equivariant projection. From this perspective, a group G is non-amenable if the algebra C is "too small," relative to G, to admit such a projection.
In this paper, we consider a natural generalization of the notion of amenability. Specifically, for an arbitrary discrete group G, we consider the minimal C*-subalgebra of ℓ ∞ (G) that arises as the image of a positive G-equivariant projection on ℓ ∞ (G). It follows from Hamana's work on G-injective envelopes [17, 20] that this algebra exists and is unique up to isomorphism. We prove that it can be identified with the algebra C(∂ F G) of continuous functions on Furstenberg's universal G-boundary ∂ F G.
This operator-algebraic viewpoint provides a powerful tool for the study of Furstenberg boundaries of discrete groups which, generally speaking, are not as well-studied as their counterparts for connected Lie groups. Using operator-algebraic techniques, we obtain a number of results about the structure of the Furstenberg boundary of a discrete group that appear to be new. On the other hand, we also show that the G-action on the Furstenberg boundary encodes a great deal of information about the operator-algebraic and ergodic-theoretic properties of G.
We recall that a discrete group G is exact if the reduced C*-algebra C * r (G) of G is exact. This notion, introduced by Kirchberg and Wasserman in [31] has several equivalent formulations. Ozawa proved in [36, Theorem 3] that G is exact if and only the G-action on the StoneCech compactification βG of G is amenable. We prove the exactness of G can also be detected by the amenability of the G-action on the Furstenberg boundary ∂ F G. Theorem 1.1. Let G be a discrete group. Then G is exact if and only if the G-action on the Furstenberg boundary ∂ F G is amenable.
Wasserman [39] proved that a C*-algebra is exact if it can be embedded into a nuclear C*-algebra, and Kirchberg [29] proved the converse, that every exact C*-algebra can be embedded into a nuclear C*-algebra. A deep result of Kirchberg and Phillips [30] implies that for a separable exact C*-algebra, the nuclear C*-algebra can be taken to be the Cuntz algebra on two generators.
Although concrete nuclear embeddings have been constructed for exact C*-algebras in certain special cases (see e.g. [7, 27] ), in general the nuclear embeddings that are guaranteed to exist by the more abstract results above can be difficult to realize. Additionally, the image of an exact C*-algebra under a nuclear embedding can be relatively small, and consequently, properties like simplicity and primeness are not necessarily reflected in the larger C*-algebra.
Ozawa [37] considered the problem of constructing a more "tight" nuclear embedding of the reduced C*-algebra C * r (F n ) of the free group F n on n generators. This C*-algebra is known to be exact. Ozawa proved there is a canonical nuclear C*-algebra N(C *
where I(C * r (F n )) denotes the injective envelope of C * r (F n ). More generally, Ozawa conjectures it should be possible to construct such an embedding for any exact C*-algebra.
Conjecture 1.2 (Ozawa's Conjecture).
Let A be an exact C*-algebra. Then there is a nuclear C*-algebra N(A) such that
where I(A) denotes the injective envelope of A.
We prove Conjecture 1.2 for the reduced C*-algebra of every discrete exact group. Theorem 1.3. Let G be a discrete exact group, and let C * r (G) denote the reduced C*-algebra of G. There is a canonical unital nuclear C*-algebra N(C *
is simple, and prime if and only if C * r (G) is prime.
Ozawa takes N(C * r (F n )) to be the reduced crossed product C(∂F n )⋊ r F n , where ∂F n denotes the hyperbolic boundary of F n . It is known that the F n -action on ∂F n is amenable, and hence that this crossed product is nuclear (see e.g. [6, Theorem 4.3.4] ).
For an arbitrary, potentially non-hyperbolic, exact group, Theorem 1.1 suggests that the role of the hyperbolic boundary in Ozawa's proof should be played here by the Furstenberg boundary. We take N(C * r (G)) to be the reduced crossed product C(∂ F G) ⋊ r G.
We construct the algebra C(∂ F G) of continuous functions on ∂ F G as a G-injective envelope in the sense of Hamana [17, 20] . This construction of the Furstenberg boundary implies some powerful rigidity results for G-equivariant maps on C(∂ F G), and hence by contravariance, for G-equivariant maps on ∂ F G. However, even the fact that C(∂ F G) is an injective algebra appears to have gone unnoticed. We make use of these properties throughout our paper.
A key ingredient in Ozawa's paper is a rigidity result [37, Proposition 3] for unital positive equivariant maps between spaces of functions on the hyperbolic boundary of a hyperbolic group. We prove a generalization of this result which imposes slightly weaker requirements. Theorem 1.4. Let G be a non-amenable hyperbolic group and let µ be an irreducible probability measure on G. Let ν be a µ-stationary measure on the hyperbolic boundary ∂G.
The proof of our result is significantly different than Ozawa's. In fact, our techniques also apply to groups that are not necessarily hyperbolic or even relatively hyperbolic, including certain mapping class groups. We utilize Jaworski's [22] theory of strongly approximately transitive measures, combined with uniqueness results of Kaimanovich [23] and Kaimanovich-Masur [25] for stationary measures.
A group G is C*-simple if the reduced C*-algebra C * r (G) is simple. A great deal of work has been devoted to understanding which groups are C*-simple. It turns out this problem is equivalent to the topological freeness of the G-action on the Furstenberg boundary. We prove the following result. Theorem 1.5. Let G be a discrete group, and let ∂ F G denote the Furstenberg boundary of G. Then the following are equivalent:
(1) The group G is C*-simple, i.e. the reduced C*-algebra C *
The G-action on some G-boundary is topologically free.
We apply this result to prove that Tarski monster groups are C*-simple. This provides another solution to a problem of de la Harpe (recently answered by Olshanskii and Osin) about the existence of C*-simple groups with no free subgroups. Theorem 1.6. Tarski monster groups are C*-simple.
In addition to this introduction, this paper has five other sections. In Section 2 we briefly review the requisite background material. In Section 3, we construct the Furstenberg boundary using Hamana's theory of equivariant injective envelopes, and study some of its properties. In Section 4 we prove a group is exact if and only its action on the Furstenberg boundary is amenable, and we use this to prove our nuclear embedding theorem for the reduced C*-algebra of an exact group. In Section 5 we prove our rigidity results. In Section 6 we consider the connection between the C*-simplicity of a group and the ergodic properties of its action on the Furstenberg boundary We note that our construction of the Furstenberg boundary generalizes to certain locally compact quantum groups. In fact, many of the results in this paper also hold in that setting. This suggests that our construction provides an appropriate quantum-group-theoretic analogue of the Furstenberg boundary. We intend to pursue these issues in a later paper.
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Preliminaries
2.1. Group actions. Let G be a discrete group. A locally compact Hausdorff space X is said to be a G-space if there is a continuous homomorphism from G into the group of homeomorphisms on X that sends the the identity element of G to the identity map on X. We refer to such a homomorphism as a G-action on X.
If X is a compact G-space, then by contravariance, the G-action on X induces a G-action on the C*-algebra C(X) of continuous functions on X,
Similarly, the G-action on X induces a G-action on the set P(X) of probability measures on X,
Equipped with this G-action and endowed with the weak* topology, the space P(X) is a compact G-space. If X is a compact G-space, then for every probability measure ν ∈ P(X), there is a natural unital positive G-equivariant map P ν :
We will refer to the map P ν as the Poisson map corresponding to ν.
Injective envelopes.
We require Hamana's theory [20] of injective envelopes for operator systems equipped with a group action. For the general theory of operator systems and injective envelopes, we refer the reader to Hamana's papers [18, 19] , or to Paulsen's book [38, Chapter 15] . Let G be a discrete group, and let S be an operator system, i.e. a unital self-adjoint subspace of a unital C*-algebra. We say S is a Goperator system if there is a homomorphism from G into the group of order isomorphisms on S that sends the the identity element of G to the unit in S. We refer to such a homomorphism as a G-action on S.
If T is another G-operator system, then a map ϕ : S → T is said to be G-equivariant if it commutes with the G-actions on S and T , ϕ(sT ) = sϕ(T ), ∀s ∈ G, ∀T ∈ S.
A G-operator system U is said to be G-injective if for every unital completely isometric G-equivariant map ι : S → T and every unital completely positive G-equivariant map ψ : S → U there is a unital completely positive G-equivariant mapφ : T → U such thatφι = ϕ.
Hamana proves in [20, Lemma 2.2] that if S is an injective operator system, then the G-operator system ℓ ∞ (G, S) is always G-injective. A G-extension of S is a pair (T , ι) consisting of a G-operator system T , and a completely isometric G-equivariant map ι : S → T . We say the image ι(S) of S under ι is a completely isometric G-equivariant copy of S.
A
It is Gessential if for every unital completely positive G-equivariant map ϕ : U → T such that ϕι is completely isometric on S, ϕ is necessarily completely isometric on U. It is G-rigid if for every unital completely positive G-equivariant map ϕ : U → U such that ϕι = ι on S, ϕ is necessarily the identity map on U.
Definition 2.1. Let G be a discrete group, and let S be a G-operator system. A G-extension of S that is G-injective and G-essential is said to be a G-injective envelope of S.
We note that by [20, Lemma 2.4] , every G-injective envelope of S is G-rigid.
Theorem 2.2 (Hamana)
. Let G be a discrete group, and let S be a Goperator system. Then S has a G-injective envelope (I G (S), κ). This injective envelope is unique, in the sense that for every G-injective envelope (U, ι) of S, there is a completely isometric G-equivariant map ϕ :
If S is a G-operator system, there is a natural unital completely isometric G-equivariant map ι :
If A is an injective C*-algebra, then ℓ ∞ (G, A) is G-injective and hence the map ικ
This map is completely isometric on A, and hence by the G-essentiality of I G (A) it is completely isometric. Thus the image ϕ(I G (A)) is a completely isometric G-equivariant copy of I G (A) in ℓ ∞ (G, A). We will see below that there are generally many G-equivariant copies of I G (A) in ℓ ∞ (G, A). If we identify I G (A) with any completely isometric G-equivariant copy of itself in ℓ ∞ (G, A), then by the G-injectivity of I G (A), there is an idempotent unital completely positive G-equivariant map ψ :
Hence by a result of Choi and Effros [8] , the G-injective envelope I G (A) is itself a C*-algebra with respect to the Choi-Effros product,
The C*-algebra obtained in this way is unique up to isomorphism, and in particular does not depend on the map ψ. We will identify I G (A) with this abstract C*-algebra.
The Furstenberg boundary
3.1. The Hamana boundary. Let G be a discrete group. We want to consider the minimal C*-subalgebra of ℓ ∞ (G) that arises as the image of a unital positive G-equivariant projection on ℓ ∞ (G). By the discussion in Section 2.2, this is precisely the G-injective envelope I G (C) of C, where C is equipped with the trivial G-action.
We know from Section 2.2 that I G (C) is a unital C*-algebra, and it follows immediately from the commutativity of ℓ ∞ (G) and the definition of the product on I G (C) that it is also commutative. In particular, I G (C) can be identified with the algebra of continuous functions on a compact Hausdorff space.
Definition 3.1. Let G be a discrete group. The Hamana boundary ∂ H G of G is the compact space such that I G (C) = C(∂ H G). By contravariance, the G-action on C(∂ H G) induces a G-action on ∂ H G which we will refer to as the G-action on ∂ H G.
We will soon prove the Hamana boundary ∂ H G can be identified with Furstenberg's universal G-boundary ∂ F G. But first, we pause to observe that the size of the Hamana boundary can be viewed as a measure of the non-amenability of G. Recall that G is amenable if there is a positive unital G-equivariant map from ℓ ∞ (G) to C. If we identify the algebra C with a subalgebra of ℓ ∞ (G), then this is equivalent to the existence of a positive unital G-equivariant projection from ℓ ∞ (G) onto C. Thus we obtain the following result (see also [17, Section 4] ).
Proposition 3.2. Let G be a discrete group. If the Hamana boundary
We will say more about the size of the Hamana boundary, and hence the size of the Furstenberg boundary, in Section 3.6.
3.2. Boundaries. Let G be a discrete group. In this section we will prove the Hamana boundary ∂ H G is a G-boundary in the sense of Furstenberg [14] . Definition 3.3. Let G be a discrete group, and let X be a compact G-space. The G-action on X is minimal if for every x in X, the G-orbit Gx = {sx | s ∈ G} is dense in X. Proposition 3.4. Let G be a discrete group. Then the G-action on the Hamana boundary ∂ H G is minimal.
Proof. For every x ∈ ∂ H G, the restriction map C(∂ H G) → C(Gx) is unital and positive, where Gx denotes the closure of the orbit Gx. Hence by the G-essentiality of C(∂ H G), it is isometric, and in particular is injective. By contravariance, the inclusion map Gx → ∂ H G is surjective, and it follows that Gx is dense in ∂ H G.
Definition 3.5. Let G be a group, and let X be a compact G-space. The G-action on X is strongly proximal if for every probability measure ν ∈ P(X), the weak* closure of the G-orbit Gν contains a point mass δ x ∈ P(X) for some x ∈ X. Lemma 3.6. Let G be a discrete group, let ∂ H G denote the Hamana boundary of G, and let ν ∈ P(∂ H G) be a probability measure. Then the Poisson map P ν :
Proof. Since the map P ν is unital, positive and G-equivariant, the result follows immediately from the G-essentiality of C(∂ H G).
The following result can be proved using Lemma 3.6 and a theorem of Azencott [5] . However, the proof of Azencott seems to use the commutativity of the C*-algebra C(∂ H G) in an essential way, and therefore does not generalize to the non-commutative setting. We give a completely different proof which does generalize to the noncommutative setting. We believe this could be important for developing a notion of "noncommutative Furstenberg boundary" for a quantum group. Proposition 3.7. Let G be a discrete group. Then the G-action on the Hamana boundary ∂ H G is strongly proximal.
Proof. Let ν ∈ P(∂ H G) be a probability measure. By Proposition 3.4, the G-action on ∂ H G is minimal. Hence we must prove that for every point x ∈ ∂ H G, the point mass δ x ∈ P(∂ H G) is contained in the weak* closure of the G-orbit Gν.
Let K denote the weak* closed convex hull of Gν and fix x ∈ ∂ H G. We claim δ x ∈ K. Indeed, supposing otherwise, we can apply the HahnBanach separation theorem to find a positive function f ∈ C(∂ H G) and ǫ > 0 such that
This implies that the Poisson map
But by Lemma 3.6, P ν is an isometry, which gives a contradiction. Thus δ x is contained in K. Since δ x is an extreme point of the compact convex set P(∂ H G), and since x was arbitrary, K = P(∂ H G). Hence by Milman's converse to the Krein-Milman theorem, it follows that the weak* closure of Gν contains the point mass δ x for every x ∈ ∂ H G.
Definition 3.8. Let G be a group. A compact G-space X is said to be a G-boundary if the G-action on X is both minimal and strongly proximal.
The following result follows immediately from Proposition 3.4 and Proposition 3.7.
Corollary 3.9. Let G be a discrete group. Then the Hamana boundary ∂ H G is a G-boundary.
3.3. Universality. Furstenberg proved in [14, Proposition 4.6 ] that every group G has a unique G-boundary ∂ F G which is universal, in the sense that every G-boundary is a continuous G-equivariant image of ∂ F G. We will refer to ∂ F G as the Furstenberg boundary of G. In this section we will prove that the Hamana boundary ∂ H G can be identified with the Furstenberg boundary ∂ F G.
Lemma 3.10. Let G be a group, let M be a minimal compact G-space and let B be a compact G-boundary. There is at most one unital positive G-equivariant map from C(B) to C(M), and if such a map exists, then it is a unital injective *-homomorphism.
, where M(M) and M(B) denote the spaces of regular Borel measures on M and B respectively. Restricting ϕ * to the space of point masses on M gives a continuous G-equivariant map α : M → P(B), where P(B) denotes the space of probability measures on B.
Since M is minimal and B is a boundary, it follows from [14, Proposition 4.2] that the range of α is the space of point masses on B, and that moreover that α must be unique. In particular, α can be identified with the unique continuous G-equivariant map from M onto B By contravariance, α induces an injective *-homomorphism from C(B) to C(M), and it is easy to check that this map necessarily agrees with ϕ.
We are grateful to Masamichi Hamana, who contacted us after receiving an earlier draft of this paper to point out the relevance of the reference [17] . In this work, which does not seem to be well known, Hamana constructs the injective envelope of a Banach module equipped with the action of a discrete group G. If the Banach module is a unital commutative C*-algebra, say C(X) for some compact G-space X, then this injective envelope is precisely the G-injective envelope I G (C(X)) of C(X).
In particular, we discovered that the following result was stated without proof by Hamana in [17, Remark 4] . A proof can be deduced from Hamana's work using a dynamical characterization of the Furstenberg boundary contained in Glasner's book [15] , however the proof we give here has an operator-theoretic flavour.
Theorem 3.11. Let G be a discrete group, and let B be a G-boundary, i.e. a minimal strongly proximal compact G-space. Then there is a continuous G-equivariant map from the Hamana boundary ∂ H G onto B. Hence the Hamana boundary ∂ H G can be identified with the Furstenberg boundary ∂ F G.
Proof. We must prove there is a continuous G-equivariant map from
By contravariance, τ induces a unital isometric G-equivariant *-homomorphism from C(B) into ℓ ∞ (G). Identify C(B) with its image under this map.
By the G-injectivity of C(∂ H G), there is a unital positive G-equivariant
denote the restriction to C(B) of this map. Since B is a boundary and ∂ H G is minimal, Lemma 3.10 implies ψ is an injective *-homomorphism. Applying contravariance again, ψ induces a continuous G-equivariant map from ∂ H G onto B.
For the remainder of this paper, we will refer to the Furstenberg boundary ∂ F G, instead of the Hamana boundary ∂ H G. However, we will continue to make use of the operator-algebraic construction of ∂ H G, as well as the results in Section 3.1.
3.4. Rigidity. Let G be a discrete group, and let ∂ F G denote the Furstenberg boundary of G. The construction of ∂ F G using the theory of injective envelopes implies some powerful rigidity results for Gequivariant maps on C(∂ F G), and by contravariance, for G-equivariant maps on ∂ F G. We collect some of these results in the following theorem.
Theorem 3.12. Let G be a discrete group, and let ∂ F G denote the Furstenberg boundary of G. The algebra C(∂ F G) of continuous functions is G-injective, and in particular is injective. Moreover, we have the following rigidity results:
(1) Every unital positive G-equivariant map from C(∂ F G) into a G-operator system S is completely isometric. (2) The only unital positive G-equivariant map from C(∂ F G) to itself is the identity map.
(3) If B is a compact G-boundary, then there is a unique unital G-equivariant map from C(B) to C(∂ F G), and it is a unital injective *-homomorphism. (4) If M is a minimal compact G-space, then there is at most one unital G-equivariant map from C(∂ F G) to C(M), and if such a map exists, then it is a unital injective *-homomorphism.
Proof. The first two results follows immediately from Theorem 3.11 and the G-essentiality and G-rigidity of C(∂ F G). The second two results follow immediately from Lemma 3.10 and the fact that ∂ F G is a G-boundary.
3.5.
Copies of the Furstenberg boundary. Let G be a discrete group, and let ∂ F G denote the Furstenberg boundary of G. We know from Theorem 3.11 and the results in Section 2.2 that there is at least one unital positive G-equivariant map from C(∂ F G) into ℓ ∞ (G), and the image of C(∂ F G) under this map is an isometric G-equivariant copy of C(∂ F G). However, in general there will be many isometric Gequivariant copies of C(∂ F G) in ℓ ∞ (G). In this section we will give a complete description of these copies.
Let ν ∈ P(∂ F G) be a probability measure, and consider the Poisson map P ν : C(∂ F G) → ℓ ∞ (G) defined in (2.1). By Lemma 3.6, P ν is an isometry, and hence the image P ν (C (∂ F G) ) is an isometric Gequivariant copy of C(∂ F G). The next result shows this correspondence is bijective. Proposition 3.13. Let G be a discrete group, and let ∂ F G denote the Furstenberg boundary of G. The map taking a probability measure ν ∈ P(∂ F G) to P ν (C(∂ F G)) is a bijection between P(∂ F G) and the collection of isometric G-equivariant copies of C(∂ F G) in ℓ ∞ (G). The image P ν (C(∂ F G)) is a C*-subalgebra if and only if ν is a point mass.
Proof. Let µ, ν ∈ P(∂ F G) be probability measures. If
is restricted to the image of P ν . By Theorem 3.12, P −1 ν P µ must be the identity map on C(∂ F G), and hence P µ = P ν . Thus for f ∈ C(∂ F G),
where e denotes the identity element in G, and it follows that µ = ν. Now let ψ : C(∂ F G) → ℓ ∞ (G) be an isometric G-equivariant map. Let δ e ∈ P(G) denote the point mass corresponding to the identity element in G, and define a probability measure ν on ∂ F G by ν = ψ * (δ e ).
Then for f ∈ C(∂ F G) and t ∈ G,
Hence ψ = P ν . If ν is a point mass, then it is easy to check that P ν is a *-homomorphism. Conversely, if P ν is a *-homomorphism, then f g, ν = P ν (f g)(e) = P ν (f )(e)P ν (g)(e) = f, ν g, ν .
Therefore, ν corresponds to a multiplicative state on C(∂ F G), and hence ν must be a point mass.
The next result is essentially [16, Proposition 4.1].
Proposition 3.14. Let G be a non-amenable discrete group, and let ∂ F G denote the Furstenberg boundary of G. For every isometric G-
Proof. The space c 0 (G) is G-invariant, and G is infinite since it is nonamenable. Hence C ⊂ c 0 (G). The quotient map ℓ ∞ (G) → ℓ ∞ (G)/c 0 (G) to C is a unital positive G-equivariant map which is isometric on C. By Theorem 3.12, it follows that it is isometric on C(∂ F G).
3.6.
The size of the Furstenberg boundary. In this section we consider some facts about the size of the Furstenberg boundary.
We are grateful to Rémi Boutonnet for pointing out a flaw in an earlier proof of the following result, and suggesting an appropriate correction.
Proposition 3.15. Let G be a discrete group, and let ∂ F G denote the Furstenberg boundary of G. If G is non-amenable, then ∂ F G does not contain any isolated points.
Proof. Suppose G is non-amenable and suppose for the sake of contradiction that x ∈ ∂ F G is an isolated point. By Proposition 3.4, the G-action on ∂ F G is minimal. Hence for every y ∈ ∂ F G, the G-orbit Gy is dense in ∂ F G, which implies x ∈ Gy. In particular, there is s ∈ G such that sy = x. Thus y is also isolated, and since y was arbitrary, it follows that every point of ∂ F G is isolated.
Since ∂ F G is compact, it must be finite, and it is easy to construct a unital positive G-invariant map ϕ : C(∂ F G) onto C. By Theorem 3.12, there is a unital positive G-equivariant map ψ : ℓ ∞ (G) → C(∂ F G). The composition ϕψ : ℓ ∞ (G) → C gives a unital positive G-invariant map, contradicting the fact that G is non-amenable. Remark 3.16. It follows from Theorem 3.12 that the algebra C(∂ F G) is injective, and hence is an AW* algebra. In particular, ∂ F G is a Stonean space (see e.g. [18, Proposition 4.15] ). This implies that if ∂ F G is infinite, then it is not second countable, and hence is non-metrizable. In this case, C(∂ F G) is non-separable.
The next result follows immediately from Proposition 3.2, Proposition 3.15 and Remark 3.16.
Corollary 3.17. Let G be a discrete group. Then the Furstenberg boundary ∂ F G is either trivial, i.e. a singleton, or non-metrizable. Hence C(∂ F G) = C if G is amenable, and C(∂ F G) is non-separable if G is non-amenable. Proposition 3.19. Let G be a discrete group, let R a (G) denote the amenable radical of G, and let
Proof. We begin by noting that there are natural actions of G on ∂ F G ′ and G ′ on ∂ F G. Fix a point y ∈ ∂ F G, and let δ y denote the corresponding point mass. Consider the Poisson map P δy : C(∂ F G) → ℓ ∞ (G) defined as in (2.1). For f ∈ C(∂ F G) and t ∈ G, we have
Since the amenable radical R a (G) acts trivially on ∂ F G ([12, Corollary 8]), for t ∈ R a (G) we have P δy (f )(t) = f (y). In particular, P δy (f ) is constant on the cosets of R a (G). It follows there is a natural map from P δy (C(∂ F G)) into ℓ ∞ (G ′ ). Moreover, this map is G-equivariant. Composing with the map from ℓ
On the other hand, we can compose the inclusion map of
, which is G-equivariant, with the natural map into ℓ ∞ (G), and then with the G-idempotent map from ℓ
. By Theorem 3.12, the maps ϕ and ψ are isometries, and the maps ψϕ and ϕψ must be the identity maps on C(∂ F G) and C(∂ F G ′ ) respectively. It follows by contravariance that ∂ F G and ∂ F G ′ are homeomorphic as G-spaces.
Exactness and nuclear embeddings
4.1. Exactness and amenable actions. Let G be a discrete group, and let ∂ F G denote the Furstenberg boundary of G. In this section we will show that if G is exact, then the G-action on ∂ F G is amenable. Since G is exact if it acts amenably on some compact G-space, it follows that the amenability of the G-action on ∂ F G completely characterizes the exactness of G. For the general theory of exactness and amenable actions, we refer the reader to the book of Brown and Ozawa [6] .
The definition of an amenable group action is due to AnantharamanDelaroche [1, Definition 2.1].
Definition 4.1. Let G be a discrete group, and let X be a compact G-space. The G-action on X is amenable if there is a net of continuous maps m i : X → P(G) such that
where the space P(G) of probability measures on G is endowed with the weak* topology.
The notion of an exact group is due to Kirchberg and Wasserman [31] .
Definition 4.2. [31]
A discrete group G is exact if the reduced C*-algebra C * r (G) of G is exact. Although exactness is an operator-algebraic property, it is intimately connected with the ergodic and geometric properties of the group. This can be seen from the following characterization (see [36] or [6, Theorem 5.1.6]). Theorem 4.3. Let G be a discrete group. Then G is exact if and only if it acts amenably on some compact space.
We are grateful to Nicolas Monod for pointing out that the next Lemma can be seen as a special case of [9, Proposition 9] , and to Narutaka Ozawa for pointing out that it also appears in [21, Lemma 3.6].
Lemma 4.4. Let G be a discrete group, and let X be a compact Gspace. If the G-action on X is amenable, then so is the corresponding G-action on the space P(X) of probability measures on X, endowed with the weak* topology.
Theorem 4.5. Let G be a discrete group, and let ∂ F G denote the Furstenberg boundary of G. Then G is exact if and only if the G-action on ∂ F G is amenable.
Proof. If the G-action on ∂ F G is amenable, then G is exact by Theorem 4.3. We must prove the converse, i.e. that if G is exact, then the G-action on ∂ F G is amenable.
By the G-injectivity of C(∂ F G) there is a unital positive G-equivariant
, where βG denotes the Stone-Cech compactification of G, then the adjoint map
is G-equivariant, and the restriction of ψ * to the space of point masses on ∂ F G gives a continuous G-equivariant map α : ∂ F G → P(βG), where P(βG) denotes the space of probability measures on βG, endowed with the weak* topology. Since G is exact, the G-action on βG is amenable by a result of Ozawa [36] . Hence by Lemma 4.4, the G-action on P(βG) is amenable. It follows from the existence of the G-equivariant map α that the Gaction on ∂ F G is also amenable.
4.2.
A canonical nuclear embedding. In this section we prove that the reduced C*-algebra of every discrete exact group has a canonical embedding into a nuclear C*-algebra which is a subalgebra of the injective envelope. Theorem 4.6. Let G be a discrete exact group, and let C * r (G) denote the corresponding reduced C*-algebra. There is a canonical nuclear C*-algebra N(C *
Proof. Since G is exact, Corollary 4.5 implies that the G-action on the Furstenberg boundary ∂ F G is amenable. Thus by [6, Theorem 4.3.4] , the reduced crossed product C(∂ F G) ⋊ r G is nuclear. Identifying C * r (G) with C ⋊ r G and applying [20, Theorem 3.4 Remark 4.7. We note that if G has the infinite conjugacy class property, i.e. is an icc group, then C * r (G) is prime (cf. [32] ), and hence the algebra N(C * r (G)) in Theorem 4.6 is prime. Remark 4.8. It follows from Corollary 3.17 that the algebra N(C * r (G)) in Theorem 4.6 is not separable if G is non-amenable. We view this as a consequence of the fact that this construction works for non-hyperbolic groups. However, it is known that a separable C*-subalgebra of a nuclear C*-algebra is always contained in a separable nuclear C*-subalgebra (see e.g. [6, Example 2.3.8]). Thus we can replace N(C * r (G)) with a separable C*-algebra if we do not require the algebra to be canonical.
Rigidity and the injective envelope
A key step in Ozawa's paper is a rigidity result [37, Proposition 3] for positive equivariant maps between spaces of functions on the hyperbolic boundary of the free group. Ozawa observes that his result extends to hyperbolic groups. In this section we prove a generalization of this result which imposes slightly weaker requirements. The main advantage of our approach is that it extends to groups that are not necessarily hyperbolic or even relatively hyperbolic, including certain mapping class groups.
Definition 5.1. Let G be a discrete group, let X be a compact Gspace, and let µ ∈ P(G) be a probability measure. A probability measure ν ∈ P(X) is µ-stationary if µ * ν = ν, where
Definition 5.2. Let G be a discrete group, and let µ ∈ P(G) be a probability measure. A function f ∈ ℓ ∞ (G) is said to be µ-harmonic if
For a probability measure µ ∈ P(G), the space H ∞ (G, µ) of µ-harmonic functions in ℓ ∞ (G) is a weak*-closed operator subsystem of ℓ ∞ (G), and there is a unital positive idempotent G-equivariant map from ℓ ∞ (G) onto H ∞ (G, µ). Equipped with the corresponding ChoiEffros product, H ∞ (G, µ) is a commutative von Neumann algebra (although not, in general, a subalgebra of ℓ ∞ (G)). In particular, there is a compact G-space Π µ , called the topological Poisson boundary of the pair (G, µ), such that H ∞ (G, µ) = C(Π µ ). Let e denote the identity element of G, and let δ e ∈ P(G) denote the corresponding point mass. Then
, where µ ∞ is the probability measure on Π µ obtained by restricting the state δ e on ℓ ∞ (G) to H ∞ (G, µ). The probability space (Π µ , µ ∞ ) is called the Poisson boundary of the pair (G, µ).
Theorem 5.3. Let G be a non-amenable hyperbolic group, and let µ ∈ P(G) be an irreducible probability measure. Let ∂G denote the hyperbolic boundary of G, and let ν ∈ P(∂G) be a µ-stationary probability measure.
Proof. By the results of Kaimanovich in [23] , the µ-stationary probability measure ν is unique, and (∂G, ν) is a µ-boundary in the sense of Furstenberg [14] . By [14, Theorem 12.2] , (∂G, ν) is a quotient of the Poisson boundary (Π µ , µ ∞ ). Therefore, there is an embedding of
is, in fact, the composition of the above embedding with the Poisson map P µ∞ :
In particular, P ν is isometric. Therefore, by a result of Jaworski [22, Corollary 2.4] , the measure ν is strongly approximately transitive, which means that the convex hull of the G-orbit Gν is dense in P(∂G, ν) with respect to the total variation norm, where P(∂G, ν) denotes the space of probability measures on ∂G that are absolutely continuous with respect to ν. Now, it is easy to check that the adjoint map ϕ * : L ∞ (∂G, ν) * → M(∂G) maps ν to a µ-stationary measure. Since ν is the unique µ-stationary measure on ∂G, it follows that ϕ * (ν) = ν. Thus for f ∈ C(∂G),
Since ν is strongly approximately transitive, the G-orbit Gν spans a norm dense subspace in
Remark 5.4. We note that if the probability measure µ in the statement of 5.3 is, in addition, symmetric, then by Kaimanovich [24, Theorem 3] , the stationary measure ν is doubly ergodic and Ozawa's argument from [37, Proposition 3] applies.
We can now identify the G-injective envelope of the algebra C(∂G).
Corollary 5.5. Let G be a hyperbolic group, and let ∂G denote the hyperbolic boundary of G. Then I G (C(∂G)) = C(∂ F G), where I G (C(∂G)) denotes the G-injective envelope of C(∂G), and ∂ F G denotes the Furstenberg boundary of G.
Proof. The von Neumann algebra crossed product L ∞ (∂G, ν) ⋊ G is injective, since the action of a hyperbolic group on its hyperbolic boundary is amenable by a result of Adams [2] . Therefore, applying Theorem 5.3, we can argue as in [37] that
It follows from [20, Theorem 3.4] there is unital positive G-equivariant inclusion ι 0 : C(∂G) ֒→ C(∂ F G), and by the G-injectivity of C(∂ F G), we can extend ι 0 to a unital positive G-equivariant map ι :
On the other hand, since C ⊂ I G (C(∂G)), and since the latter space is G-injective, there is an isometric G-equivariant isometric inclusion η : C(∂ F G) ֒→ I G (C(∂G) ).
By the G-rigidity of the spaces C(∂ F G) and I G (C(∂G)), the maps ιη and ηι must be the identity maps.
Remark 5.6. Corollary 5.5 implies that there is a C*-algebra inclusion C(∂G) ⊂ C(∂ F G), and hence that the hyperbolic boundary ∂G is a quotient of the Furstenberg boundary ∂ F G. In particular, this implies that ∂G is a G-boundary, i.e. the G-action on ∂G is minimal and strongly proximal. This fact seems to be well known.
In fact, our proof of Theorem 5.3 implies that when X is a compact G-space with a unique µ-stationary probability measure ν ∈ P(X) such that ν has full support and (X, ν) is a µ-boundary, then the only unital positive G-equivariant map from C(X) to L ∞ (X, ν) is the identity map. Note that Corollary 5.5 also holds in this setting, provided that the action of G on (X, ν) is amenable in the sense of Zimmer [40] , which is equivalent to the von Neumann algebra crossed product L ∞ (X, ν) ⋊ G being injective.
In particular, using the work of Kaimanovich and Masur [25] on mapping class groups and arguing as above, we can prove the following result.
Theorem 5.7. Let S be a closed orientable surface of genus g ≥ 2. Let G be the mapping class group of S, and let µ ∈ P(G) be an irreducible probability measure. Let ∂ T G denote the Thurston boundary of G, and let ν ∈ P(∂ T G) be a µ-stationary probability measure on ∂ T G. Then we have the following results:
Proof. Kaimanovich and Masur proved in [25, Theorem 2.2.4] that there is a unique µ-stationary measure ν on ∂ T G with full support, and that (∂ T G, ν) is a µ-boundary. Hence an argument similar to the proof of Theorem 5.3 yields (1).
It was further proved in [25, Theorem 2.2.4] that ν is concentrated on the space of minimal measured foliations, and hence by [28, Theorem 1.4], the G-action on (∂ T G, ν) is amenable in the sense of Zimmer [40] , which implies that the von Neumann algebra crossed product
The proof of (2) is similar to the proof of Corollary 5.5.
Remark 5.8. We note that Theorem 5.7 similarly implies the wellknown fact that the Thurston boundary is a G-boundary.
C*-simplicity
A discrete group G is C*-simple if the reduced C*-algebra C * r (G) of G is simple, i.e. it has no non-trivial closed two-sided ideals. An equivalent reformulation in the language of representation theory is that every unitary representation of G that is weakly contained in the left regular representation is actually weakly equivalent to the left regular representation. The problem of determining which groups are C*-simple has received a great deal of attention (see [11] for a survey).
In this section, we will prove that G is C*-simple if and only if the G-action on the Furstenberg boundary ∂ F G is topologically free. Thus the study of the G-action on ∂ F G provides a new approach to problems about C*-simplicity. As an application of these ideas, we will prove the C*-simplicity of Tarski monster groups. Definition 6.1. Let G be a discrete group with identity element e, and let X be a compact G-space. The G-action on X is topologically free if for every s ∈ G \ {e}, the set
The following theorem is the main result in this section. We are grateful to Narutaka Ozawa for showing us a proof of the implication (2) ⇒ (4) which does not require G to be exact. Theorem 6.2. Let G be a discrete group, and let ∂ F G denote the Furstenberg boundary of G. Then the following are equivalent: Remark 6.3. The following fact, extracted from the proof of the implication (2) ⇒ (1) in Theorem 6.2, seems to be of independent interest: For a G-C*-algebra A, if there is a G-equivariant embedding (i.e. a Gequivariant completely isometric map) of A into a G-C*-algebra B, then there is a a G-equivariant *-algebraic embedding (i.e. a G-equivariant injective *-homomorphism) of A into the bidual B * * .
We recall from Section 3.6 that the amenable radical R a (G) of G is the largest normal amenable subgroup of G [10, Lemma 4.1]. It is known that if G is C*-simple, then R a (G) is trivial. It is a longstanding open problem to determine whether the converse of this result is true, i.e. whether the triviality of R a (G) implies the C*-simplicity of G.
The following result follows immediately from Proposition 3.19 (see also [12, Corollary 8] ). Proposition 6.4. Let G be a discrete group, and let ∂ F G denote the Furstenberg boundary of G. If the G-action on ∂ F G is topologically free, then the amenable radical R a (G) of G is trivial.
In [11] , de la Harpe asked if there exists a a countable group which is both C*-simple and does not contain non-abelian free subgroups. This question was answered affirmatively in a recent preprint of Olshanskii and Osin [35] , where certain Burnside groups are proved to be C*-simple. Using Theorem 6.2, we can now provide another solution to de la Harpe's problem.
Recall that for a fixed prime p, a Tarski monster group of order p is a finitely generated group G with the property that every nontrivial subgroup is cyclic of order p. Olshanskii [34] proved the existence of Tarski monster groups for every prime p > 10 75 , and further proved that these groups are non-amenable. This answered a question of von Neumann about the existence of non-amenable groups which do not contain non-abelian free subgroups.
We will now prove that the action of Tarski monster groups on the Furstenberg boundary is topologically free, and hence that they are C*-simple.
Theorem 6.5. Let G be a Tarski monster group, and let ∂ F G denote the Furstenberg boundary of G. Then the G-action on ∂ F G is topologically free.
Proof. Suppose for the sake of contradiction that the G-action on ∂ F G is not topologically free. Then there is s 0 ∈ G \ {e} such that the set (∂ F G) s 0 = {x ∈ ∂ F G | s 0 ∈ G x } has non-empty interior, where G x = {s ∈ G | sx = x}. Hence there is a non-empty open set V ⊂ (∂ F G) s 0 . We claim V is finite. To prove this, suppose to the contrary that V is infinite. We will show this leads to a contradiction.
Fix some point x ∈ V . By the minimality of the G-action on ∂ F G, there is s 1 ∈ G \ {e, s 0 } such that s 1 x ∈ V \ {x}. In particular, s 1 x ∈ (∂ F G) s 0 , and hence s 0 ∈ G s 1 x . Note that G s 1 x = s 1 G x s 1 −1 . Since s 0 generates G x , this implies G x = s 1 G x s 1 −1 , and hence that s 1 belongs to the normalizer N G (G x ). But N G (G x ) is a proper subgroup of G, and it follows that we must have N G (G x ) = G x . Hence s 1 ∈ G x .
If V \ {x, s 1 x} is non-empty, then we can repeat this argument to find s 2 ∈ G \ {e, s 0 , s 1 } such that s 2 x ∈ V \ {x, s 1 x} and s 2 ∈ G x . If V is infinite, then continuing in this way we obtain distinct elements s 0 , s 1 , . . . , s n ∈ G x and distinct points x, s 1 x, . . . , s n x ∈ V for each n. But since G x is finite, this is impossible, and it follows that V must be finite. Now since V is non-empty, finite and open, it follows that ∂ F G has isolated points. But this contradicts Proposition 3.15.
The next result follows immediately from Theorem 6.5 and Theorem 6.2. Corollary 6.6. Tarski monster groups are C*-simple.
